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Chapter 9

Problem Solutions

Problem 9.2
(a) With reference to the discussion in Section 2.5.2, m-connectivity is used to
avoid multiple paths that are inherent in 8-connectivity. In one-pixel-thick, fully
connected boundaries, these multiple paths manifest themselves in the four ba-
sic patterns shown in Fig. P9.2(a). The solution to the problem is to use the hit-
or-miss transform to detect the patterns and then to change the center pixel to
0, thus eliminating the multiple paths. A basic sequence of morphological steps
to accomplish this is as follows:

X1 = A � B 1

Y1 = A ∩X c
1

X2 = Y1� B 2

Y2 = Y1 ∩X c
2

X3 = Y2� B 3

Y3 = Y2 ∩X c
3

X4 = Y3� B 4

Y4 = Y3 ∩X c
4

where A is the input image containing the boundary.

Problem 9.4
(a) Erosion is set intersection. The intersection of two convex sets is convex also.

(b) See Fig. P9.4(a). Keep in mind that the digital sets in question are the larger
black dots. The lines are shown for convenience in visualizing what the continu-
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Figure P9.2

Figure P9.4

ous sets would be, they are not part of the sets being considered here. The result
of dilation in this case is not convex because the center point is not in the set.

Problem 9.5
Refer to Fig. P9.5. The center of each structuring element is shown as a black
dot.

(a) This solution was obtained by eroding the original set (shown dashed) with
the structuring element shown (note that the origin is at the bottom, right).

(b) This solution was obtained by eroding the original set with the tall rectangu-
lar structuring element shown.

(c) This solution was obtained by first eroding the image shown down to two
vertical lines using the rectangular structuring element (note that this elements
is slightly taller than the center section of the “U” figure). This result was then
dilated with the circular structuring element.

(d) This solution was obtained by first dilating the original set with the large disk
shown. The dilated image was eroded with a disk whose diameter was equal to
one-half the diameter of the disk used for dilation.

Problem 9.7
(a) The dilated image will grow without bound.

(b) A one-element set (i.e., a one-pixel image).
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(a)

(b) (c)

(d)

Figure P9.5

Problem 9.9
The proof, which consists of showing that the expression-

x ∈Z 2 |x +b ∈ A , for every b ∈ B
.≡ -x ∈Z 2 | (B )x ⊆ A

.
follows directly from the definition of translation because the set (B )x has ele-
ments of the form x +b for b ∈ B . That is, x +b ∈ A for every b ∈ B implies that
(B )x ⊆A. Conversely, (B )x ⊆ A implies that all elements of (B )x are contained in
A, or x +b ∈ A for every b ∈ B .

Problem 9.11
The approach is to prove that-

x ∈Z 2
��(B̂ )x ∩A �= �.≡ -x ∈Z 2 |x = a +b for a ∈ A and b ∈ B

.
.

The elements of (B̂ )x are of the form x −b for b ∈ B . The condition (B̂ )x ∩A �= �
implies that for some b ∈ B , x −b ∈ A, or x −b = a for some a ∈ A (note in the
preceding equation that x = a +b ). Conversely, if x = a +b for some a ∈ A and
b ∈ B , then x −b = a or x −b ∈ A, which implies that (B̂ )x ∩A �= �.
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Problem 9.14
Starting with the definition of closing,

(A • B )c = [(A ⊕ B )� B ]c

= (A ⊕ B )c ⊕ B̂

= (Ac � B̂ )⊕ B̂

= Ac ◦ B̂ .

The proof of the other duality property follows a similar approach.

Problem 9.15
(a) Erosion of a set A by B is defined as the set of all values of translates, z , of B
such that (B )z is contained in A. If the origin of B is contained in B , then the set
of points describing the erosion is simply all the possible locations of the origin
of B such that (B )z is contained in A. Then it follows from this interpretation
(and the definition of erosion) that erosion of A by B is a subset of A. Similarly,
dilation of a set C by B is the set of all locations of the origin of B̂ such that the
intersection of C and (B̂ )z is not empty. If the origin of B is contained in B , this
implies that C is a subset of the dilation of C by B . From Eq. (9.3-1), we know
that A ◦ B = (A � B )⊕ B . Let C denote the erosion of A by B . It was already
established that C is a subset of A. From the preceding discussion, we know also
that C is a subset of the dilation of C by B . But C is a subset of A, so the opening
of A by B (the erosion of A by B followed by a dilation of the result) is a subset of
A.

Problem 9.18
It was possible to reconstruct the three large squares to their original size be-
cause they were not completely eroded and the geometry of the objects and
structuring element was the same (i.e., they were squares). This also would have
been true if the objects and structuring elements were rectangular. However, a
complete reconstruction, for instance, by dilating a rectangle that was partially
eroded by a circle, would not be possible.

Problem 9.20
The key difference between the Lake and the other two features is that the for-
mer forms a closed contour. Assuming that the shapes are processed one at a
time, a basic two-step approach for differentiating between the three shapes is
as follows:
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Figure P9.22

Step 1. Apply an end-point detector to the object. If no end points are found,
the object is a Lake. Otherwise it is a Bay or a Line.

Step 2. There are numerous ways to differentiate between a Bay and a Line.
One of the simplest is to determine a line joining the two end points of the ob-
ject. If the AND of the object and this line contains only two points, the fig-
ure is a Bay. Otherwise it is a Line. There are pathological cases in which this
test will fail, and additional ”intelligence” needs to be built into the process, but
these pathological cases become less probable with increasing resolution of the
thinned figures.

Problem 9.22
(a) With reference to the example shown in Fig. P9.22, the boundary that re-
sults from using the structuring element in Fig. 9.15(c) generally forms an 8-
connected path (leftmost figure), whereas the boundary resulting from the struc-
turing element in Fig. 9.13(b) forms a 4-connected path (rightmost figure).

Problem 9.23
(a) If the spheres are not allowed to touch, the solution of the problem starts by
determining which points are background (black) points. To do this, we pick a
black point on the boundary of the image and determine all black points con-
nected to it using a connected component algorithm(Section 9.5.3). These con-
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nected components are labels with a value different from 1 or 0. The remaining
black points are interior to spheres. We can fill all spheres with white by apply-
ing the hole filling algorithm in Section 9.5.2 until all interior black points have
been turned into white points. The alert student will realize that if the interior
points are already known, they can all be turned simply into white points thus
filling the spheres without having to do region filling as a separate procedure.

Problem 9.24
Denote the original image by A. Create an image of the same size as the origi-
nal, but consisting of all 0’s, call it B . Choose an arbitrary point labeled 1 in A,
call it p1, and apply the connected component algorithm. When the algorithm
converges, a connected component has been detected. Label and copy into B
the set of all points in A belonging to the connected components just found, set
those points to 0 in A and call the modified image A1. Choose an arbitrary point
labeled 1 in A1, call it p2, and repeat the procedure just given. If there are K con-
nected components in the original image, this procedure will result in an image
consisting of all 0’s after K applications of the procedure just given. Image B will
contain K labeled connected components.

Problem 9.27
Erosion is the set of points z such that B , translated by z , is contained in A. If B
is a single point, this definition will be satisfied only by the points comprising A,
so erosion of A by B is simply A. Similarly, dilation is the set of points z such that
B̂ ( B̂ = B in this case), translated by z , overlaps A by at least one point. Because
B is a single point, the only set of points that satisfy this definition is the set of
points comprising A, so the dilation of A by B is A.

Problem 9.29
Consider first the case for n = 1:

E (1)G (F ) =
 "

E (1)G (F )
#c!c

=
�
[(F � B )∪G ]c

	c

=
�
(F � B )c ∩G c 	c

=
��

F c ⊕ B̂
�∩G c


c

=
��

F c ⊕ B
�∩G c 	c

=
"

D (1)G c (F c )
#c
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where the third step follows from DeMorgan’s law, (A ∪ B )c =Ac ∩ B c , the fourth
step follows from the duality property of erosion and dilation (see Section 9.2.3),
the fifth step follows from the symmetry of the SE, and the last step follows from
the definition of geodesic dilation. The next step, E (2)G (F ), would involve the
geodesic erosion of the above result. But that result is simply a set, so we could
obtain it in terms of dilation. That is, we would complement the result just men-
tioned, complement G , compute the geodesic dilation of size 1 of the two, and
complement the result. Continuing in this manner we conclude that

E (n )G =
 

D (1)G c

�"
E (n−1)

G (F )
#c�!c

=
"

D (1)G c

�
D (n−1)

G c

�
F c��#c

.

Similarly,

D (1)G (F ) =
 "

D (1)G (F )
#c!c

=
�
[(F ⊕ B )∩G ]c

	c

=
�
(F ⊕ B )c ∪G c 	c

=
��

F c � B̂
�∪G c


c

=
��

F c � B
�∪G c 	c

=
"

E (1)G c (F c )
#c

.

As before,

D (n )G =
 

E (1)G c

�"
D (n−1)

G (F )
#c�!c

=
"

E (1)G c

�
E (n−1)

G c

�
F c��#c

.

Problem 9.31
(a) Consider the case when n = 2

[(F � 2B )]c = [(F � B )� B ]c

= (F � B )c ⊕ B̂

=
�

F c ⊕ B̂
�⊕ B̂

=
�

F c ⊕ 2B̂
�
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where the second and third lines follow from the duality property in Eq. (9.2-5).
For an arbitrary number of erosions,

[(F �n B )]c = [(F � (n − 1)B )� B ]c

= [(F � (n − 1)B )]c ⊕ B̂

which, when expanded, will yield [(F �n B )]c = F c ⊕n B̂ .

(b) Proved in a similar manner.

Problem 9.33
(a) From Eq. (9.6-1),

�
f �b

�c =
�

min
(s ,t )∈b



f (x + s ,y + t )

��c

=
�
− max
(s ,t )∈b


− f (x + s ,y + t )
��c

= max
(s ,t )∈b


− f (x + s ,y + t )
�

= − f ⊕ b̂

= f c ⊕ b̂ .

The second step follows from the definition of the complement of a gray-scale

function; that is, the minimum of a set of numbers is equal to the negative of
the maximum of the negative of those numbers. The third step follows from
the definition of the complement. The fourth step follows from the definition of
gray-scale dilation in Eq. (9.6-2), using the fact that b̂ (x ,y ) = b (−x − y ). The last
step follows from the definition of the complement, − f = f c . The other duality
property is proved in a similar manner.

(c) We prove the first duality property. Start with the a geodesic dilation of size
1:

D (1)g

�
f
�
=

 "
D (1)g

�
f
�#c!c

=
��
(f ⊕b )∧ g

	c

c

=
��−�−(f ⊕b )∨−g

�	c

c

=
�−(f ⊕b )∨−g

	c

=
�
(f ⊕b )c ∨ g c 	c

=
�
(f c �b )∨ g c 	c

=
"

E (1)g c

�
f c �#c

.
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Figure P9.35

The second step follows from the definition of geodesic dilation. The third step
follows from the fact that the point-wise minimum of two sets of numbers is the
negative of the point-wise maximum of the two numbers. The fourth and fifth
steps follow from the definition of the complement. The sixth step follows from
the duality of dilation and erosion (we used the given fact that b̂ = b ). The last
step follows from the definition of geodesic erosion.

The next step in the iteration, D (2)g
�

f
�

, would involve the geodesic dilation of
size 1 of the preceding result. But that result is simply a set, so we could obtain
it in terms of erosion. That is, we would complement the result just mentioned,
complement g , compute the geodesic erosion of the two, and complement the
result. Continuing in this manner we conclude that

D (n )g (f ) =
"

E (1)g c

�
E (n−1)

g c

�
f c ��#c

.

The other property is proved in a similar way.

Problem 9.35
(a) The noise spikes are of the general form shown in Fig. P9.35(a), with other
possibilities in between. The amplitude is irrelevant in this case; only the shape
of the noise spikes is of interest. To remove these spikes we perform an opening
with a cylindrical structuring element of radius greater than Rmax, as shown in
Fig. P9.35(b). Note that the shape of the structuring element is matched to the
known shape of the noise spikes.



82 CHAPTER 9. PROBLEM SOLUTIONS

Problem 9.36
(a) Color the image border pixels the same color as the particles (white). Call
the resulting set of border pixels B . Apply the connected component algorithm
(Section 9.5.3). All connected components that contain elements from B are
particles that have merged with the border of the image.
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Chapter 10

Problem Solutions

Problem 10.1
Expand f (x +Δx ) into a Taylor series about x :

f (x +Δx ) = f (x )+Δx f ′(x )+ (Δx )
2!

f ′′(x )+ · · ·

The increment in the spatial variable x is defined in Section 2.4.2 to be 1, so by
lettingΔx = 1 and keeping only the linear terms we obtain the result

f ′(x ) = f (x + 1)− f (x )

which agrees with Eq. (10.2-1).

Problem 10.2
The masks would have the coefficients shown in Fig. P10.2. Each mask would
yield a value of 0 when centered on a pixel of an unbroken 3-pixel segment ori-
ented in the direction favored by that mask. Conversely, the response would be
a +2 when a mask is centered on a one-pixel gap in a 3-pixel segment oriented
in the direction favored by that mask.

Problem 10.4
(a) The lines were thicker than the width of the line detector masks. Thus, when,
for example, a mask was centered on the line it “saw” a constant area and gave a
response of 0.
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Figure P10.2

Edges and their profiles

Gradient images and their profiles

Figure P10.5

Problem 10.5

(a) The first row in Fig. P10.5 shows a step, ramp, and edge image, and horizontal
profiles through their centers. Similarly, the second row shows the correspond-
ing gradient images and horizontal profiles through their centers. The thin dark
borders in the images are included for clarity in defining the borders of the im-
ages; they are not part of the image data.

Problem 10.7

Figure P10.7 shows the solution.
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Figure P10.7

Problem 10.9

Consider first the Sobel masks of Figs. 10.14 and 10.15. A simple way to prove
that these masks give isotropic results for edge segments oriented at multiples
of 45◦ is to obtain the mask responses for the four general edge segments shown
in Fig. P10.9, which are oriented at increments of 45◦. The objective is to show
that the responses of the Sobel masks are indistinguishable for these four edges.
That this is the case is evident from Table P10.9, which shows the response of
each Sobel mask to the four general edge segments. We see that in each case
the response of the mask that matches the edge direction is (4a − 4b ), and the
response of the corresponding orthogonal mask is 0. The response of the re-
maining two masks is either (3a − 3b ) or (3b − 3a ). The sign difference is not
significant because the gradient is computed by either squaring or taking the
absolute value of the mask responses. The same line of reasoning applies to the
Prewitt masks.
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Figure P10.9

Table P10.9
Edge Horizontal Vertical +45◦ −45◦

direction Sobel (g x ) Sobel (g y ) Sobel (g 45) Sobel (g−45)
Horizontal 4a − 4b 0 3a − 3b 3b − 3a

Vertical 0 4a − 4b 3a − 3b 3a − 3b
+45◦ 3a − 3b 3a − 3b 4a − 4b 0
−45◦ 3b − 3a 3a − 3b 0 4a − 4b

Problem 10.11
(a) The operators are as follows (negative numbers are shown underlined):

111 110 101 01 1 1 11 1 10 1 01 011

000 101 101 101 000 1 01 101 101

11 1 01 1 101 110 111 011 101 11 0

Problem 10.13
(a) The local average at a point (x ,y ) in an image is given by

f̄ (x ,y ) =
1

n 2

∑
z i∈Sx y

z i

where Sx y is the region in the image encompassed by the n ×n averaging mask
when it is centered at (x ,y ) and the z i are the intensities of the image pixels in
that region. The partial

∂ f̄ /∂ x = f̄ (x + 1,y )− f̄ (x ,y )
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is thus given by

∂ f̄ /∂ x =
1

n 2

∑
z i∈Sx+1,y

z i − 1

n 2

∑
z i∈Sx y

z i

The first summation on the right can be interpreted as consisting of all the pixels
in the second summation minus the pixels in the first row of the mask, plus the
row picked up by the mask as it moved from (x ,y ) to (x + 1,y ). Thus, we can
write the preceding equation as

∂ f̄ /∂ x =
1

n 2

∑
z i∈Sx+1,y

z i − 1

n 2

∑
z i∈Sx y

z i

=

'+
1

n 2

∑
z i∈Sx y

z i

,
+

1

n 2 (sum of pixels in new row)

− 1

n 2
(sum of pixels in 1st row)

(
− 1

n 2

∑
z i∈Sx y

z i

=
1

n 2

y+ n−1
2∑

k=y− n−1
2

f (x +
n + 1

2
,k )− 1

n 2

y+ n−1
2∑

k=y− n−1
2

f (x − n − 1

2
,k )

=
1

n 2

' y+ n−1
2∑

k=y− n−1
2

f (x +
n + 1

2
,k )− f (x − n − 1

2
,k )

(
.

This expression gives the value of ∂ f̄ /∂ x at coordinates (x ,y ) of the smoothed
image. Similarly,

∂ f̄ /∂ y =
1

n 2

∑
z i∈Sx ,y+1

z i − 1

n 2

∑
z i∈Sx y

z i

=

'+
1

n 2

∑
z i∈Sx y

z i

,
+

1

n 2
(sum of pixels in new col)

− 1

n 2 (sum of pixels in 1st col)

(
− 1

n 2

∑
z i∈Sx y

z i

=
1

n 2

x+ n−1
2∑

k=x− n−1
2

f (k ,y +
n + 1

2
)− 1

n 2

x+ n−1
2∑

k=x− n−1
2

f (k ,y − n − 1

2
)

=
1

n 2

' x+ n−1
2∑

k=x− n−1
2

f (k ,y +
n + 1

2
)− f (k ,y − n − 1

2
)

(
.
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The edge magnitude image corresponding to the smoothed image f̄ (x ,y ) is then
given by

M̄ (x ,y ) =
$
(∂ f̄ /∂ x )2+(∂ f̄ /∂ y )2.

Problem 10.14

(a) We proceeed as follows

Average
�∇2G (x ,y )



=

∫ ∞
−∞

∫ ∞
−∞
∇2G (x ,y )d x d y

=

∫ ∞
−∞

∫ ∞
−∞

�
x 2+ y 2− 2σ2

σ4

�
e−

x 2+y 2

2σ2 d x d y

=
1

σ4

∫ ∞
−∞

x 2e−
x 2

2σ2 d x

∫ ∞
−∞

e−
y 2

2σ2 d y

+
1

σ4

∫ ∞
−∞

y 2e−
y 2

2σ2 d y

∫ ∞
−∞

e−
x 2

2σ2 d x

− 2

σ2

∫ ∞
−∞

e−
x 2+y 2

2σ2 d x d y

=
1

σ4

��
2πσ×σ2

���
2πσ

�
+

1

σ4

��
2πσ×σ2

���
2πσ

�

−2
�

2πσ2
�

σ2

= 4π− 4π

= 0

the fourth line follows from the fact that

variance(z ) =σ2 =
1�

2πσ

∫ ∞
−∞

z 2e−
z 2

2σ2 d z

and
1�

2πσ

∫ ∞
−∞

e−
z 2

2σ2 d z = 1.

Problem 10.15

(b) The answer is yes for functions that meet certain mild conditions, and if
the zero crossing method is based on rotational operators like the LoG func-
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tion and a threshold of 0. Geometrical properties of zero crossings in general
are explained in some detail in the paper ”On Edge Detection,” by V. Torre and T.
Poggio, IEEE Trans. Pattern Analysis and Machine Intell., vol. 8, no. 2, 1986, pp.
147-163. Looking up this paper and becoming familiar with the mathematical
underpinnings of edge detection is an excellent reading assignment for graduate
students.

Problem 10.18

(a) Equation (10.2-21) can be written in the following separable form

G (x ,y ) = e−
x 2+y 2

2σ2

= e−
x 2

2σ2 e−
y 2

2σ2

= G (x )G (y ).

From Eq. (3.4-2) and the preceding equation, the convolution of G (x ,y ) and
f (x ,y ) can be written as

G (x ,y ) f (x ,y ) =
a∑

s=−a

a∑
t=−a

G (s , t )f (x − s ,y − t )

=
a∑

s=−a

a∑
t=−a

e−
s 2

2σ2 e−
t 2

2σ2 f (x − s ,y − t )

=
a∑

s=−a

e−
s 2

2σ2

⎡
⎣ a∑

t=−a

e−
t 2

2σ2 f (x − s ,y − t )

⎤
⎦

where a = (n − 1)/2 and n is the size of the n ×n mask obtained by sampling
Eq. (10.2-21). The expression inside the brackets is the 1-D convolution of the
exponential term, e−t 2/2σ2 , with the rows of f (x ,y ). Then the outer summation
is the convolution of e−s 2/2σ2 with the columns of the result. Stated another way,

G (x ,y ) f (x ,y ) =G (x )
�
G (y ) f (x ,y )

	
.

Problem 10.19
(a) As Eq. (10.2-25) shows, the first two steps of the algorithm can be summa-
rized into one equation:

g (x ,y ) =∇2[G (x ,y ) f (x ,y )].
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Using the definition of the Laplacian operator we can express this equation as

g (x ,y ) =
∂ 2

∂ x 2

�
G (x ,y ) f (x ,y )

	
+
∂ 2

∂ y 2

�
G (x ,y ) f (x ,y )

	

=
∂ 2

∂ x 2

�
G (x ) G (y ) f (x ,y )

	
+
∂ 2

∂ y 2

�
G (x ) G (y ) f (x ,y )

	

where the second step follows from Problem 10.18, with G (x ) = e−
x 2

2σ2 and G (y ) =

e−
y 2

2σ2 . The terms inside the two brackets are the same, so only two convolutions
are required to implement them. Using the definitions in Section 10.2.1, the
partials may be written as

∂ 2 f

∂ x 2 = f (x + 1)+ f (x − 1)− 2f (x )

and
∂ 2 f

∂ y 2 = f (y + 1)+ f (y − 1)− 2f (y ).

The first term can be implemented via convolution with a 1× 3 mask having
coefficients coefficients, [1− 2 1], and the second with a 3× 1 mask having the
same coefficients. Letting ∇2

x and ∇2
y represent these two operator masks, we

have the final result:

g (x ,y ) =∇2
x

�
G (x ) G (y ) f (x ,y )

	
+∇2

y

�
G (x ) G (y ) f (x ,y )

	
which requires a total of four different 1-D convolution operations.

(b) If we use the algorithm as stated in the book, convolving an M ×N image
with an n ×n mask will require n 2×M ×N multiplications (see the solution to
Problem 10.18). Then convolution with a 3× 3 Laplacian mask will add another
9×M ×N multiplications for a total of (n 2 + 9)×M ×N multiplications. De-
composing a 2-D convolution into 1-D passes requires 2nM N multiplications,
as indicated in the solution to Problem 10.18. Two more convolutions of the re-
sulting image with the 3×1 and 1×3 derivative masks adds 3M N+3M N = 6M N
multiplications. The computational advantage is then

A =
(n 2+ 9)M N

2nM N + 6M N
=

n 2+ 9

2n + 6

which is independent of image size. For example, for n = 25, A = 11.32, so it
takes on the order of 11 times more multiplications if direct 2-D convolution is
used.
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Problem 10.21
Parts (a) through (c) are shown in rows 2 through 4 of Fig. P10.21.

Problem 10.22

(b) θ = cot−1(2) = 26.6◦ and ρ = (1)sinθ = 0.45.

Problem 10.23
(a) Point 1 has coordinates x = 0 and y = 0. Substituting into Eq. (10.2-38) yields
ρ = 0, which, in a plot of ρ vs. θ , is a straight line.

(b) Only the origin (0,0) would yield this result.
(c) At θ =+90◦, it follows from Eq. (10.2-38) that x · (0)+ y · (1) = ρ, or y =ρ. At
θ =−90◦ , x · (0)+ y · (−1) =ρ, or−y =ρ. Thus the reflective adjacency.

Problem 10.26
The essence of the algorithm is to compute at each step the mean value, m1, of
all pixels whose intensities are less than or equal to the previous threshold and,
similarly, the mean value, m2, of all pixels with values that exceed the threshold.
Let pi = n i/n denote the i th component of the image histogram, where n i is
the number of pixels with intensity i , and n is the total number of pixels in the
image. Valid values of i are in the range 0≤ i ≤ L− 1, where L is the number on
intensities and i is an integer. The means can be computed at any step k of the
algorithm:

m1(k ) =
I (k−1)∑

i=0

i pi /P(k )

where

P(k ) =
I (k−1)∑

i=0

pi

and

m2(k ) =
L−1∑

i=I (k−1)+1

i pi /[1−P(k )] .

The term I (k − 1) is the smallest integer less than or equal to T (k − 1), and T (0)
is given. The next value of the threshold is then

T (k + 1) =
1

2
[m1(k )+m2(k )] .



92 CHAPTER 10. PROBLEM SOLUTIONS

Edges and their profiles

Gradient images and their profiles

Laplacian images and their profiles

Images from Steps 1 and 2 of the Marr-Hildreth algorithm and their profiles

Figure P10.21

Problem 10.27
As stated in Section 10.3.2, we assume that the initial threshold is chosen be-
tween the minimum and maximum intensities in the image. To begin, consider
the histogram in Fig. P10.27. It shows the threshold at the k th iterative step, and
the fact that the mean m1(k + 1) will be computed using the intensities greater
than T (k ) times their histogram values. Similarly, m2(k+1)will be computed us-
ing values of intensities less than or equal to T (k ) times their histogram values.
Then, T (k+1) = 0.5[m1(k+1)+m2(k+1)]. The proof consists of two parts. First,
we prove that the threshold is bounded between 0 and L−1. Then we prove that
the algorithm converges to a value between these two limits.

To prove that the threshold is bounded, we write T (k + 1) = 0.5[m1(k + 1) +
m2(k + 1)]. If m2(k + 1) = 0, then m1(k + 1) will be equal to the image mean,
M , and T (k + 1) will equal M/2 which is less than L− 1. If m2(k + 1) is zero, the
same will be true. Both m1 and m2 cannot be zero simultaneously, so T (k + 1)
will always be greater than 0 and less than L− 1.

To prove convergence, we have to consider three possible conditions:

1. T (k + 1) = T (k ), in which case the algorithm has converged.
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2. T (k + 1)< T (k ), in which case the threshold moves to the left.

3. T (k + 1)> T (k ), in which case the threshold moves to the right.

In case (2), when the threshold value moves to the left, m2 will decrease or stay
the same and m1 will also decrease or stay the same (the fact that m1 decreases
or stays the same is not necessarily obvious. If you don’t see it, draw a simple his-
togram and convince yourself that it does), depending on how much the thresh-
old moved and on the values of the histogram. However, neither threshold can
increase. If neither mean changes, then T (k+2)will equal T (k+1) and the algo-
rithm will stop. If either (or both) mean decreases, then T (k +2)< T (k +1), and
the new threshold moves further to the left. This will cause the conditions just
stated to happen again, so the conclusion is that if the thresholds starts mov-
ing left, it will always move left, and the algorithm will eventually stop with a
value T > 0, which we know is the lower bound for T . Because the threshold al-
ways decreases or stops changing, no oscillations are possible, so the algorithm
is guaranteed to converge.

Case (3) causes the threshold to move the right. An argument similar to the
preceding discussion establishes that if the threshold starts moving to the right it
will either converge or continue moving to the right and will stop eventually with
a value less than L−1. Because the threshold always increases or stops changing,
no oscillations are possible, so the algorithm is guaranteed to converge.
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Problem 10.29
The value of the the threshold at convergence is independent of the initial value
if the initial value of the threshold is chosen between the minimum and max-
imum intensity of the image (we know from Problem 10.27 that the algorithm
converges under this condition). The final threshold is not independent of the
initial value chosen for T if that value does not satisfy this condition. For ex-
ample, consider an image with the histogram in Fig. P10.29. Suppose that we
select the initial threshold T (1) = 0. Then, at the next iterative step, m2(2) = 0,
m1(2) = M , and T (2) = M/2. Because m2(2) = 0, it follows that m2(3) = 0,
m1(3) =M , and T (3) = T (2) =M/2. Any following iterations will yield the same
result, so the algorithm converges with the wrong value of threshold. If we had
started with Imin < T (1)< Imax, the algorithm would have converged properly.

Problem 10.30
(a) For a uniform histogram, we can view the intensity levels as points of unit
mass along the intensity axis of the histogram. Any values m1(k ) and m2(k )
are the means of the two groups of intensity values G1 and G2. Because the his-
togram is uniform, these are the centers of mass of G1 and G2. We know from the
solution of Problem 10.27 that if T starts moving to the right, it will always move
in that direction, or stop. The same holds true for movement to the left. Now,
assume that T (k ) has arrived at the center of mass (average intensity). Because
all points have equal "weight" (remember the histogram is uniform), if T (k + 1)
moves to the right G2 will pick up, say, Q new points. But G1 will lose the same
number of points, so the sum m1 +m2 will be the same and the algorithm will
stop.
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Problem 10.32
(a)

σ2
B = P1(m 1−mG )2+P2(m 2−mG )2

= P1(m1− (P1m1+P2m2)]2+P2[m2− (P1m1+P2m2)]2

= P1[m 1−m1(1−P 2)−P2m2]2+P2[m2−P1m1−m2(1−P1)]2

= P1[P2m1−P2m2]2+P2[P1m2−P1m1]2

= P1P2
2 (m1−m2)2+P2P2

1 (m1−m2)2

= (m1−m2)2[P1P2
2 +P2P2

1 ]

= (m1−m2)2[P1P2(P2+P1)]

= P1P2(m1−m2)2

we used the facts that mG = P1m1+P2m2 and P1+P2 = 1. This proves the first
part of Eq. (10.3-15).

(b) First, we have to show that

m2(k ) =
mG −m (k )

1−P1(k )
.

This we do as follows:

m2(k ) =
1

P2(k )

L−1∑
i=k+1

i pi

=
1

1−P1(k )

L−1∑
i=k+1

i pi

=
1

1−P1(k )

⎡
⎣L−1∑

i=0

i pi −
k∑

i=0

i pi

⎤
⎦

=
mG −m (k )

1−P1(k )
.

Then,

σ2
B = P1P2(m1−m2)2

= P1P2

�
m

P1
− mG −m

1−P1

�2

= P1(1−P1)
�

m −P1mG

P1(1−P1)

�2

=
(mG P1−m )2

P1(1−P1)
.
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Problem 10.35
(a) Let R1 and R2 denote the regions whose pixel intensities are greater than T
and less or equal to T , respectively. The threshold T is simply an intensity value,
so it gets mapped by the transformation function to the value T ′ = 1−T . Values
in R1 are mapped to R ′1 and values in R2 are mapped to R ′2. The important thing
is that all values in R ′1 are below T ′ and all values in R ′2 are equal to or above
T ′. The sense of the inequalities has been reversed, but the separability of the
intensities in the two regions has been preserved.

(b) The solution in (a) is a special case of a more general problem. A thresh-
old is simply a location in the intensity scale. Any transformation function that
preserves the order of intensities will preserve the separabiliy established by the
threshold. Thus, any monotonic function (increasing or decreasing) will pre-
serve this order. The value of the new threshold is simply the old threshold pro-
cessed with the transformation function.

Problem 10.37
(a) The first column would be black and all other columns would be white. The
reason: A point in the segmented image is set to 1 if the value of the image at
that point exceeds b at that point. But b = 0, so all points in the image that are
greater than 0 will be set to 1 and all other points would be set to 0. But the only
points in the image that do not exceed 0 are the points that are 0, which are the
points in the first column.

Problem 10.39
The region splitting is shown in Fig. P10.39(a). The corresponding quadtree is
shown in Fig. P10.39(b).

Problem 10.41
(a) The elements of T [n ] are the coordinates of points in the image below the
plane g (x ,y ) = n , where n is an integer that represents a given step in the execu-
tion of the algorithm. Because n never decreases, the set of elements in T [n−1]
is a subset of the elements in T [n ]. In addition, we note that all the points below
the plane g (x ,y ) = n − 1 are also below the plane g (x ,y ) = n , so the elements
of T [n ] are never replaced. Similarly, Cn (Mi ) is formed by the intersection of
C (Mi ) and T [n ], where C (Mi ) (whose elements never change) is the set of coor-
dinates of all points in the catchment basin associated with regional minimum
Mi . Because the elements of C (Mi ) never change, and the elements of T [n ] are
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Figure P10.39

never replaced, it follows that the elements in Cn (Mi ) are never replaced either.
In addition, we see that Cn−1(Mi )⊆Cn (Mi ).

Problem 10.43
The first step in the application of the watershed segmentation algorithm is to
build a dam of height max+ 1 to prevent the rising water from running off the
ends of the function, as shown in Fig. P10.43(b). For an image function we would
build a box of height max+ 1 around its border. The algorithm is initialized by
setting C [1] = T [1]. In this case, T [1] =



g (2)

�
, as shown in Fig. P10.43(c) (note

the water level). There is only one connected component in this case: Q[1] =

q1
�
= {g (2)}.
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Next, we let n = 2 and, as shown in Fig. P10.43(d), T [2] = {g (2), g (14)} and
Q[2] = {q1;q2}, where, for clarity, different connected components are separated
by semicolons. We start construction of C [2] by considering each connected
component in Q[2]. When q = q1, the term q ∩C [1] is equal to {g (2)}, so con-
dition 2 is satisfied and, therefore, C [2] = {g (2)}. When q = q2, q ∩C [1] = � (the
empty set) so condition 1 is satisfied and we incorporate q in C [2], which then
becomes C [2] = {g (2); g (14)} where, as above, different connected components
are separated by semicolons.

When n = 3 [Fig. P10.43(e)], T [3] = {2,3,10,11,13,14} andQ[3] = {q1;q2;q3}=
{2,3;10,11;13,14} where, in order to simplify the notation we let k denote g (k ).
Proceeding as above, q1 ∩C [2] = {2} satisfies condition 2, so q1 is incorporated
into the new set to yield C [3] = {2,3;14}. Similarly, q2 ∩C [2] = � satisfies con-
dition 1 and C [3] = {2,3;10,11;14}. Finally, q3 ∩ C [2] = {14} satisfies condi-
tion 2 and C [3] = {2,3;10,11;13,14}. It is easily verified that C [4] = C [3] =
{2,3;10,11;13,14}.

When n = 5 [Fig. P10.43(f)], we have, T [5] = {2,3,5,6,10,11,12,13, 14} and
Q[5] = {q1;q2;q3} = {2,3;5,6;10,11,12,13, 14} (note the merging of two previ-
ously distinct connected components). Is is easily verified that q1∩C [4] satisfies
condition 2 and that q2 ∩C [4] satisfied condition 1. Proceeding with these two
connected components exactly as above yields C [5] = {2,3;5,6;10,11;13,14} up
to this point. Things get more interesting when we consider q3. Now, q3∩C [4] =
{10,11;13,14} which, becuase it contains two connected components of C [4],
satisfies condition 3. As mentioned previously, this is an indication that water
from two different basins has merged and a dam must be built to prevent this
condition. Dam building is nothing more than separating q3 into the two origi-
nal connected components. In this particular case, this is accomplished by the
dam shown in Fig. P10.43(g), so that now q3 = {q31;q32}= {10,11;13,14}. Then,
q31 ∩C [4] and q32 ∩C [4] each satisfy condition 2 and we have the final result for
n = 5, C [5] = {2,3;5,6;10,11;13;14}.

Continuing in the manner just explained yields the final segmentation result
shown in Fig. P10.43(h), where the “edges” are visible (from the top) just above
the water line. A final post-processing step would remove the outer dam walls
to yield the inner edges of interest.

Problem 10.45
(a) True, assuming that the threshold is not set larger than all the differences en-
countered as the object moves. The easiest way to see this is to draw a simple
reference image, such as the white rectangle on a black background. Let that
rectangle be the object that moves. Because the absolute ADI image value at
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Figure P10.43
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any location is the absolute difference between the reference and the new im-
age, it is easy to see that as the object enters areas that are background in the
reference image, the absolute difference will change from zero to nonzero at the
new area occupied by the moving object. Thus, as long as the object moves, the
dimension of the absolute ADI will grow.

Problem 10.47
Recall that velocity is a vector, whose magnitude is speed. Function g x is a
one-dimensional "record" of the position of the moving object as a function of
time (frame rate). The value of velocity (speed) is determined by taking the first
derivative of this function. To determine whether velocity is positive or negative
at a specific time, n , we compute the instantaneous acceleration (rate of change
of speed) at that point; that is we compute the second derivate of g x . Viewed
another way, we determine direction by computing the derivative of the deriva-
tive of g x . But, the derivative at a point is simply the tangent at that point. If
the tangent has a positive slope, the velocity is positive; otherwise it is negative
or zero. Because g x is a complex quantity, its tangent is given by the ratio of its
imaginary to its real part. This ratio is positive when S1x and S2x have the same
sign, which is what we started out to prove.

Problem 10.49
(a) It is given that 10% of the image area in the horizontal direction is occupied
by a bullet that is 2.5 cm long. Because the imaging device is square (256× 256
elements) the camera looks at an area that is 25 cm× 25 cm, assuming no optical
distortions. Thus, the distance between pixels is 25/256=0.098 cm/pixel. The
maximum speed of the bullet is 1000 m/sec= 100,000 cm/sec. At this speed, the
bullet will travel 100,000/0.98= 1.02×106 pixels/sec. It is required that the bullet
not travel more than one pixel during exposure. That is, (1.02×106 pixels/sec)×
K sec ≤ 1 pixel. So, K ≤ 9.8× 10−7 sec.
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Chapter 11

Problem Solutions

Problem 11.1
(a) The key to this problem is to recognize that the value of every element in a
chain code is relative to the value of its predecessor. The code for a boundary
that is traced in a consistent manner (e.g., clockwise) is a unique circular set of
numbers. Starting at different locations in this set does not change the struc-
ture of the circular sequence. Selecting the smallest integer as the starting point
simply identifies the same point in the sequence. Even if the starting point is
not unique, this method would still give a unique sequence. For example, the
sequence 101010 has three possible starting points, but they all yield the same
smallest integer 010101.

Problem 11.3
(a) The rubber-band approach forces the polygon to have vertices at every in-
flection of the cell wall. That is, the locations of the vertices are fixed by the
structure of the inner and outer walls. Because the vertices are joined by straight
lines, this produces the minimum-perimeter polygon for any given wall config-
uration.

Problem 11.4
(a) When the B vertices are mirrored, they coincide with the two white vertices
in the corners, so they become collinear with the corner vertices. The algorithm
ignores collinear vertices, so the small indentation will not be detected.

(b) When the indentation is deeper than one pixel (but still 1 pixel wide) we have
the situation shown in Fig. P11.4. Note that the B vertices cross after mirroring.
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Figure P11.4

Referring to the bottom figure, when the algorithm gets to vertex 2, vertex 1 will
be identified as a vertex of the MPP, so the algorithm is initialized at that step.
Because of initialization, vertex 2 is visited again. It will be collinear with W C

and VL, so BC will be set at the location of vertex 2. When vertex 3 is visited,
sgn(VL,W C,V3) will be 0, so BC will be set at vertex 3. When vertex 4 is visited,
sgn(1,3,4)will be negative, so VL will be set to vertex 3 and the algorithm is reini-
tialized. Because vertex 2 will never be visited again, it will never become a ver-
tex of the MPP. The next MPP vertex to be detected will be vertex 4. Therefore,
indentations 2 pixels or greater in depth and 1 pixel wide will be represented by
the sequence 1−3−4 in the second figure. Thus, the algorithm solves the cross-
ing caused by the mirroring of the two B vertices by keeping only one vertex.
This is a general result for 1-pixel wide, 2 pixel (or greater) deep intrusions.

Problem 11.5

(a) The resulting polygon would contain all the boundary pixels.

Problem 11.6

(a) The solution is shown in Fig. P11.6(b).
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Figure P11.6

Problem 11.7
(a) From Fig. P11.7(a), we see that the distance from the origin to the triangle is
given by

r (θ ) =
D0

cosθ
0◦ ≤ θ < 60◦

=
D0

cos(120◦ −θ ) 60◦ ≤ θ < 120◦

=
D0

cos(180◦ −θ ) 120◦ ≤ θ < 180◦

=
D0

cos(240◦ −θ ) 180◦ ≤ θ < 240◦

=
D0

cos(300◦ −θ ) 240◦ ≤ θ < 300◦

=
D0

cos(360◦ −θ ) 300◦ ≤ θ < 360◦

Figure P11.7
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Figure P11.8

Figure P11.10

where D0 is the perpendicular distance from the origin to one of the sides of the
triangle, and D = D0/cos(60◦) = 2D0. Once the coordinates of the vertices of
the triangle are given, determining the equation of each straight line is a simple
problem, and D0 (which is the same for the three straight lines) follows from
elementary geometry.

Problem 11.8
The solutions are shown in Fig. P11.8.

Problem 11.9
(a) In the first case, N (p ) = 5, S(p ) = 1, p2 ·p4 ·p6 = 0, and p4 ·p6 ·p8 = 0, so Eq.
(11.1-4) is satisfied and p is flagged for deletion. In the second case, N (p ) = 1, so
Eq. (11.1-4) is violated and p is left unchanged. In the third case p2 ·p4 ·p6 = 1
and p4 ·p6 · p8 = 1, so conditions (c) and (d) of Eq. (11.1-4) are violated and p
is left unchanged. In the forth case S(p ) = 2, so condition (b) is violated and p is
left unchanged.

Problem 11.10
(a) The result is shown in Fig. P11.10(b).
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Problem 11.11

(a) The number of symbols in the first difference is equal to the number of seg-
ment primitives in the boundary, so the shape order is 12.

Problem 11.14

The mean is sufficient.

Problem 11.16

This problem can be solved by using two descriptors: holes and the convex de-
ficiency (see Section 9.5.4 regarding the convex hull and convex deficiency of a
set). The decision making process can be summarized in the form of a simple
decision, as follows: If the character has two holes, it is an 8. If it has one hole
it is a 0 or a 9. Otherwise, it is a 1 or an X. To differentiate between 0 and 9 we
compute the convex deficiency. The presence of a ”significant” deficiency (say,
having an area greater than 20% of the area of a rectangle that encloses the char-
acter) signifies a 9; otherwise we classify the character as a 0. We follow a similar
procedure to separate a 1 from an X. The presence of a convex deficiency with
four components whose centroids are located approximately in the North, East,
West, and East quadrants of the character indicates that the character is an X.
Otherwise we say that the character is a 1. This is the basic approach. Imple-
mentation of this technique in a real character recognition environment has to
take into account other factors such as multiple ”small” components in the con-
vex deficiency due to noise, differences in orientation, open loops, and the like.
However, the material in Chapters 3, 9 and 11 provide a solid base from which
to formulate solutions.

Problem 11.17

(b) Normalize the matrix by dividing each component by 19600 + 200 + 20000
= 39800:

0.4925 0.0050
0 0.5025

so p11 = 0.4925, p12 = 0.005, p21 = 0, and p22 = 0.5025.



106 CHAPTER 11. PROBLEM SOLUTIONS

Problem 11.19
(a) The image is

0 1 0 1 0
1 0 1 0 1
0 1 0 1 0
1 0 1 0 1
0 1 0 1 0

.

Let z 1 = 0 and z 2 = 1. Because there are only two intensity levels, matrix G is of
order 2×2. Element g 11 is the number of pixels valued 0 located one pixel to the
right of a 0. By inspection, g 11 = 0. Similarly, g 12 = 10, g 21 = 10, and g 22 = 0.
The total number of pixels satisfying the predicate P is 20, so the normalized
co-occurrence matrix is

G=

'
0 1/2

1/2 0

(
.

Problem 11.21
The mean square error, given by Eq. (11.4-12), is the sum of the eigenvalues
whose corresponding eigenvectors are not used in the transformation. In this
particular case, the four smallest eigenvalues are applicable (see Table 11.6), so
the mean square error is

em s =
6∑

j=3

λj = 1729.

The maximum error occurs when K = 0 in Eq. (11.4-12) which then is the sum
of all the eigenvalues, or 15039 in this case. Thus, the error incurred by using
only the two eigenvectors corresponding to the largest eigenvalues is just 11.5 %
of the total possible error.

Problem 11.23
When the boundary is symmetric about the both the major and minor axes and
both axes intersect at the centroid of the boundary.

Problem 11.25
We can compute a measure of texture using the expression

R(x ,y ) = 1− 1

1+σ2(x ,y )
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where σ2(x ,y ) is the intensity variance computed in a neighborhood of (x ,y ).
The size of the neighborhood must be sufficiently large so as to contain enough
samples to have a stable estimate of the mean and variance. Neighborhoods of
size 7× 7 or 9× 9 generally are appropriate for a low-noise case such as this.

Because the variance of normal wafers is known to be 400, we can obtain a
normal value for R(x ,y ) by using σ2 = 400 in the above equation. An abnor-
mal region will have a variance of about (50)2 = 2,500 or higher, yielding a larger
value of R(x ,y ). The procedure then is to compute R(x ,y ) at every point (x ,y )
and label that point as 0 if it is normal and 1 if it is not. At the end of this pro-
cedure we look for clusters of 1’s using, for example, connected components
(see Section 9.5.3 regarding computation of connected components) . If the
area (number of pixels) of any connected component exceeds 400 pixels, then
we classify the sample as defective.
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Chapter 12

Problem Solutions

Problem 12.2
From the definition of the Euclidean distance,

Dj (x) =
//x−mj

//= �
(x−mj )T (x−mj )



.1/2

Because Dj (x) is non-negative, choosing the smallest Dj (x) is the same as choos-
ing the smallest D2

j (x), where

D2
j (x) =

//x−mj

//2
= (x−mj )T (x−mj )

= xT x− 2xT mj +mT
j mj

= xT x−2

�
xT mj − 1

2
mT

j mj

�
.

We note that the term xT x is independent of j (that is, it is a constant with re-
spect to j in D2

j (x), j = 1,2, . . .). Thus, choosing the minimum of D2
j (x) is equiva-

lent to choosing the maximum of
�

xT mj − 1
2 mT

j mj

�
.

Problem 12.4
The solution is shown in Fig. P12.4, where the x ’s are treated as voltages and
the Y ’s denote impedances. From basic circuit theory, the currents, I ’s, are the
products of the voltages times the impedances. The system operates by select-
ing the maximum current, which corresponds to the best match and, therefore,
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Figure P12.4

performs character recognition by the minimum-distance approach. The speed
of response is instantaneous for all practical purposes.

Problem 12.6
The solution to the first part of this problem is based on being able to extract
connected components (see Chapters 2 and 11) and then determining whether
a connected component is convex or not (see Chapter 11). Once all connected
components have been extracted we perform a convexity check on each and
reject the ones that are not convex. All that is left after this is to determine if the
remaining blobs are complete or incomplete. To do this, the region consisting
of the extreme rows and columns of the image is declared a region of 1’s. Then
if the pixel-by-pixel AND of this region with a particular blob yields at least one
result that is a 1, it follows that the actual boundary touches that blob, and the
blob is called incomplete. When only a single pixel in a blob yields an AND
of 1 we have a marginal result in which only one pixel in a blob touches the
boundary. We can arbitrarily declare the blob incomplete or not. From the point
of view of implementation, it is much simpler to have a procedure that calls a
blob incomplete whenever the AND operation yields one or more results valued
1. After the blobs have been screened using the method just discussed, they
need to be classified into one of the three classes given in the problem state-
ment. We perform the classification problem based on vectors of the form x =
(x1,x2)T , where x1 and x2 are, respectively, the lengths of the major and minor
axis of an elliptical blob, the only type left after screening. Alternatively, we could
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x1

x2

+

�

d( ) = 0x

1.36

Figure P12.8

use the eigen axes for the same purpose. (See Section 11.2.1 on obtaining the
major axes or the end of Section 11.4 regarding the eigen axes.) The mean vector
of each class needed to implement a minimum distance classifier is given in the
problem statement as the average length of each of the two axes for each class
of blob. If‘ they were not given, they could be obtained by measuring the length
of the axes for complete ellipses that have been classified a priori as belonging
to each of the three classes. The given set of ellipses would thus constitute a
training set, and learning would consist of computing the principal axes for all
ellipses of one class and then obtaining the average. This would be repeated for
each class. A block diagram outlining the solution to this problem is straightfor-
ward.

Problem 12.8
(a) As in Problem 12.7,

m1 =

'
0
0

(

m1 =

'
0
0

(

m1 =

'
0
0

(

C1 =
1

2

'
1 0
0 1

(
; C−1

1 = 2

'
1 0
0 1

(
; |C1|= 0.25

and

C2 = 2

'
1 0
0 1

(
; C−1

2 =
1

2

'
1 0
0 1

(
; |C2|= 4.00.
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Because the covariance matrices are not equal, it follows from Eq. (12.2-26) that

d 1(x) = −1

2
ln(0.25)− 1

2

)
xT

'
2 0
0 2

(
x

0

= −1

2
ln(0.25)− (x 2

1 +x 2
2 )

and

d 2(x) = −1

2
ln(4.00)− 1

2

)
xT

'
0.5 0
0 0.5

(
x

0

= −1

2
ln(4.00)− 1

4
(x 2

1 +x 2
2 )

where the term lnP(ωj ) was not included because it is the same for both deci-
sion functions in this case. The equation of the Bayes decision boundary is

d (x) = d 1(x)−d 2(x) = 1.39− 3

4
(x 2

1 +x 2
2) = 0.

(b) Figure P12.8 shows a plot of the boundary.

Problem 12.10
From basic probability theory,

p (c ) =
∑

x

p (c/x)p (x).

For any pattern belonging to classωj , p (c/x) = p (ωj /x). Therefore,

p (c ) =
∑

x

p (ωj /x)p (x).

Substituting into this equation the formula p (ωj /x) = p (x/ωj )p (ωj )/p (x) gives

p (c ) =
∑

x

p (x/ωj )p (ωj ).

Because the argument of the summation is positive, p (c ) is maximized by maxi-
mizing p (x/ωj )p (ωj ) for each j . That is, if for each x we compute p (x/ωj )p (ωj )
for j = 1,2, ...,W , and use the largest value each time as the basis for selecting
the class from which x came, then p (c ) will be maximized. Since p (e ) = 1−p (c ),
the probability of error is minimized by this procedure.
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Problem 12.12
We start by taking the partial derivative of J with respect to w:

∂ J

∂ w
=

1

2

�
ysgn(wT y)− y



where, by definition, sgn(wT y) = 1 if wT y > 0, and sgn(wT y) = −1 otherwise.
Substituting the partial derivative into the general expression given in the prob-
lem statement gives

w(k + 1) =w(k )+
c

2

-
y(k)− y(k)sgn

�
w(k)T y(k)


.
where y(k ) is the training pattern being considered at the k th iterative step. Sub-
stituting the definition of the sgn function into this result yields

w(k + 1) =w(k )+ c

)
0 if w(k)T y(k)
y(k ) otherwise

where c > 0 and w(1) is arbitrary. This expression agrees with the formulation
given in the problem statement.

Problem 12.14
The single decision function that implements a minimum distance classifier for
two classes is of the form

d i j (x) = xT (mi −mj )− 1

2
(mT

i mi −mT
j mj ).

Thus, for a particular pattern vector x, when d i j (x)> 0, x is assigned to classω1

and, when d i j (x) < 0, x is assigned to class ω2. Values of x for which d i j (x) = 0
are on the boundary (hyperplane) separating the two classes. By letting w =
(mi −mj ) and wn+1 = − 1

2 (m
T
i mi −mT

j mj ), we can express the above decision
function in the form

d (x) =wT x−wn+1.

This is recognized as a linear decision function in n dimensions, which is imple-
mented by a single layer neural network with coefficients

wk = (mi k −m j k ) k = 1,2, . . . ,n

and

θ =wn+1 =−1

2
(mT

i mi −mT
j mj ).
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Problem 12.16
(a) When P(ωi ) = P(ωj ) and C= I.

(b) No. The minimum distance classifier implements a decision function that is
the perpendicular bisector of the line joining the two means. If the probability
densities are known, the Bayes classifier is guaranteed to implement an opti-
mum decision function in the minimum average loss sense. The generalized
delta rule for training a neural network says nothing about these two criteria, so
it cannot be expected to yield the decision functions in Problems 12.14 or 12.15.

Problem 12.18
All that is needed is to generate for each class training vectors of the form x =
(x1,x2)T , where x1 is the length of the major axis and x2 is the length of the mi-
nor axis of the blobs comprising the training set. These vectors would then be
used to train a neural network using, for example, the generalized delta rule.
(Because the patterns are in 2D, it is useful to point out to students that the neu-
ral network could be designed by inspection in the sense that the classes could
be plotted, the decision boundary of minimum complexity obtained, and then
its coefficients used to specify the neural network. In this case the classes are far
apart with respect to their spread, so most likely a single layer network imple-
menting a linear decision function could do the job.)

Problem 12.20
The first part of Eq. (12.3-3) is proved by noting that the degree of similarity, k , is
non-negative, so D(A, B ) = 1/k ≥ 0. Similarly, the second part follows from the
fact that k is infinite when (and only when) the shapes are identical.

To prove the third part we use the definition of D to write

D(A,C )≤max [D(A, B ),D(B ,C )]

as
1

ka c
≤max

�
1

kab
,

1

kbc

�

or, equivalently,
ka c ≥min [kab ,kbc ]

where ki j is the degree of similarity between shape i and shape j . Recall from
the definition that k is the largest order for which the shape numbers of shape i
and shape j still coincide. As Fig. 12.24(b) illustrates, this is the point at which
the figures ”separate” as we move further down the tree (note that k increases
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Figure P12.20

as we move further down the tree). We prove that ka c ≥ min[kab ,kbc ] by con-
tradiction. For ka c ≤min[kab ,kbc ] to hold, shape A has to separate from shape
C before (1) shape A separates from shape B , and (2) before shape B separates
from shape C , otherwise kab ≤ ka c or kbc ≤ ka c , which automatically vio-
lates the condition ka c <min[kab ,kbc ]. But, if (1) has to hold, then Fig. P12.20
shows the only way that A can separate from C before separating from B . This,
however, violates (2), which means that the condition ka c <min[kab ,kbc ] is vi-
olated (we can also see this in the figure by noting that ka c = kbc which, since
kbc < kab , violates the condition). We use a similar argument to show that if
(2) holds then (1) is violated. Thus, we conclude that it is impossible for the
condition ka c <min[kab ,kbc ] to hold, thus proving that ka c ≥min[kab ,kbc ] or,
equivalently, that D(A,C )≤max[D(A, B ),D(B ,C )].




